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Dynamical n-beam calculations are used to explore the potential of crystal structure imaging for 
investigating superstructures in fluorite-related systems. Crystal structure images of M,O,, phases are 
investigated under various conditions of crystal thickness and defect of focus, and it is shown that under 
some conditions crystal structure images show direct structural correlation. In others where the structural 
correlation is missing the calculated and observed images still agree. Two programs, FCOEFF and 
DEFECT, which allow calculation of images of structures with any symmetry and in any projection, are 
tendered. The n-beam calculations on a number of ReO,-based structures are also presented to demonstrate 
the versatility of the programs. 

Introduction 

Many tensimetric and X-ray studies of the 
binary rare earth oxide systems of Ce, Pr, and 
Tb have been carried out (I) to reveal the 
nature of the ordering phenomena in these 
materials. These systems have been of con- 
siderable interest because of the presence of a 
homologous series of ordered phases of 
general formula R.O,,- 2 with observed n 
values of 4, 7, 9, 10, 11, 12, and co. Each 
phase is closely related structurally to fluorite 
and successive members of the series differ 
only in the proportion and arrangement of 
vacant fluorite anion sites. At equilibrium, 
each phase has a narrow range of 
homogeneity and a high degree of order. Since 
any description of the properties of these 
systems is impossible without taking due 
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regard of the ordering processes in the system, 
detailed structural information on the inter 
mediate phases is essential. 

In a previous article, Kunzmann and Eyring 
(2) described the unit cells of each of the 
intermediate phases and, with the aid of a 
crystal structure image of Tb,1020, proposed a 
structural model for the odd-member phases. 
However, application of high resolution crystal 
structure imaging to fluorite-type structures 
had not been previously attempted, so its 
applicability and the validity of interpretation 
of such images in terms of vacancies were 
uncertain. 

Many previous electron microscopic studies 
using high resolution crystal structure imaging 
have involved block structures where the 
subcell is that of the ReO, structure-type 
(Allpress and Sanders (3)). This subcell 
exhibits large variations in potential when 
viewed down the b axis because it consists of 
columns of corner-sharing MO, octahedra 
within which the potential is very high and 
outside of which it is extremely low. The 
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supercells of the ordered phases are then 
derived from this structure by crystallo- 
graphic shear (CS), one result of which is a 
sharp increase in concentration of cations in 
the vicinity of the CS plane. Again large, local- 
ized variations in potential are produced 
parallel to the b axis of the subcell. 

In contrast, the fluorite superstructures have 
little to recommend them for crystal structure 
imaging. The parent fluorite structure has few 
projection directions which would exhibit large 
potential variations on a scale comparable to 
the resolution limit of an electron microscope 
(the most favorable direction would be 11101,). 
Since the supercells are formed from the 
parent structure by ordering of vacant anion 
sites with associated relaxation of the host 
structure, it is unlikely that ordering would 
produce any major changes in the projected 
potential. A further disadvantage in imaging 
these phases is that any projection axis will be 
rather long, ranging from 6.75 A for a [lOOI, 
axis (the subscript refers to the value of n in 
the homologous series R,O,, _ *) to 9.6 A for a 
11111, axis. Such long axes strain the thin 
phase object approximation used in calculating 
the images and minimize the magnitude of 
potential variations due to vacancy ordering. 
At the same time, reciprocal-lattice axes 
perpendicular to the projection axis are also 
disadvantageously long, so that with reason- 
able aperture sizes the images are produced 
from the interaction of a undesirably small 
number of beams. 

In view of these unfavorable circumstances 
it seems necessary that calculations of image 
contrast be made to support intuitive in- 
terpretation of the observed crystal structure 
images. The details of such calculations have 
been described previously by Allpress et al. (4) 
and O’Keefe (5). The most accurate method of 
incorporating dynamical diffraction effects, 
the n-beam multislice method of Cowley and 
Moodie (6, 7), was selected for this study. 
Since the structure of only one of the inter- 
mediate phases (n = 7, iota) is known (8) 
detailed calculations can only be performed on 
this phase. Nevertheless, it is thought that the 

conclusions reached in this case will aid inter- 
pretation of the observed images of the other 
homologs. It is fortuitous that the structure is 
known for that phase which appears to be the 
structural, if not the compositional, end- 
member of the homologous series. 

Experimental Part 

Hydrothermally grown single crystals of 
Pro, (9) were ground under liquid nitrogen, 
placed in a loosely closed platinum capsule 
which was immersed in a large bed (-30 g) of 
Pro, powder, and the mixture reduced to the 
required composition by adjusting the ambient 
oxygen pressure at temperature. The sample 
was then isolated and cooled at constant 
composition. Grinding of the crystals prior to 
reduction had the advantages of (a) allowing 
more rapid equilibration of the crystals with 
the gas phase, (b) allowing strains induced 
during grinding to be annealed out, and (c) 
minimizing the possibility of compositional 
changes after annealing. 

The reduced samples were mounted on a 
holey carbon support film via an acetone 
slurry and examined by means of conventional 
techniques on a modified JEM 1OOB electron 
microscope utilizing procedures described by 
Iijima (10). 

Calculations 

Two FORTRAN programs, FCOEFF and 
DEFECT, were written to permit calculation 
of crystal structure images and to provide 
sundry other information on any structure. 

The Program FCOEFF is used to calculate 
the real, imaginary, and absorption structure 
factors needed for Program DEFECT. The 
absorption factors can be assigned for partic- 
ular atoms by using a specified percentage of 
the real part. Either isotropic or anisotropic 
temperature factors for individual atoms may 
be used. 

FCOEFF permits projecting the structure 
down any direction, [uuwl, by automatically 
transforming the three-dimensional indices 
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into a two-dimensional array. The input 
includes fractional coordinates, symmetry 
operators, scattering tables, and lattice 
parameters. The output includes structure 
factors, three-dimensional and two-dimen- 
sional indices, a transformation matrix, new x 
and y axes, and the plane angle of projection. 

The Program DEFECT enables calculation 
of the theoretical electron micrographs by 
dynamical theory using the multislice method. 
It utilizes real, imaginary, and absorption 
structure factors to calculate images of dis- 
locations, interstitials (II), and overlay struc- 
tures (two layers of the same structure but 
with different composition superimposed). The 
program can be run in various configurations: 
(1) utilizing all the options requires 60K 
(decimal) UNIVAC words of core without 
overlaying the program; (2) if the absorption 
potential calculation is eliminated, the program 
requires 50K (decimal) words of core; and (3) 
eliminating the overlay structure calculation 
and reducing the total number of beams would 
require less than 40K (decimal). The approxi- 
mate running time for a 60K (decimal) run of 
12 slices, 150 beams, and 257 structure factors 
is ~47 SUPS (standard units of proces- 
sing, UNIVAC 1110, approximately 4000 
SUPS/hr). 

The input to DEFECT is a punched deck of 
structure factors from FCOEFF and ex- 
perimental parameters such as crystal 
thickness, aperture radius, and the spherical 
aberration constant. 

An excellent description of the multislice 
method and the relationship to other for- 
mulations is given by Goodman and Moodie 
(12). Program DEFECT Fourier transforms 
the structure factors obtained from FCOEFF 
to give the crystal potential averaged along the 
incident direction 

#(x,y> = 1 V(h, k, 0) exp -2111 
h.k 

( a(:+;)). 

The crystal potential is used to determine the 
transmission function (the phase change of the 

diffracted beams as they pass through one 
slice of the crystal), 

4(x, v) = expt-iq@, A 4, 

where 4(x, JJ) is the crystal potential, dz is the 
slice thickness, and 

x 2 
u = x * 1 + (1 + p2)1’2 ’ 

where W is the accelerating voltage, L is the 
relativistic wavelength of the incident electrons 
with velocity v, and /3 = v/c. 

The diffraction of the electron beam be- 
tween the slices is calculated by convoluting the 
wave equation with the propagation function 

p(r, AZ) = -& exp 
-im* 

( 1 
- 
/lAz 

so that the wave equation in real space is 
represented by 

Y(Y(~, z,,,) = q(r) - 1 W, z,)*z+, A-31. 

The equivalent equation in reciprocal space 
becomes 

where the capital letters are the Fourier 
transforms of their lower case counterparts, 

P,, = exp(ilrMzu*) 
h* k2 

whereu* = - + - 
( ) a* b* 

for an orthogonal unit cell. In reciprocal space 
the convolutions become simple summations 
instead of integrations yielding 

Y’n+,th) = C Qth - h’)J’,,tW ‘Y,@‘) 
h’ 

which can be represented physically as a 
diffracted beam with wave equation !FJh’) 
entering a slice of crystal and having its phase 
changed by the effect of the potential encoun- 
tered in that slice and by the distance it has 
moved through space. This calculation is 
repeated until the number of slices corresponds 
to the crystal thickness. 

The program simulates an objective aper- 
ture and determines which of the diffracted 
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beams pass through and contribute to the 
intensity of the image. The phase changes due 
to defocus, 

‘Y,(h, k) = Y(h, k) exp(irrMu2) 

= !P(h, k)exp r&R (* (;+;))y 

where R is the amount of defocus, and to 
spherical aberration, 

ly,(h, k) = ‘Y,(h, k) exp(ilr/2A3 C, u”) 

= ‘Y,(h, k) exp 1nl21 C, (* 3 ($+5)‘), 

where C, is the spherical aberration coeffici- 
ent, are applied to the diffracted beams that 
contribute to the image. Once the amplitudes 
and phases of all the diffracted beams have 
been calculated for a particular thickness, a 

\ 
V V V 
n 0 n / 

\ -MO, cube-/ 

a 

series of corrections corresponding to different 
degrees of underfocus can be applied and the 
images can be obtained with little additional 
computation. 

The effect of chromatic aberration is deter- 
mined by averaging the intensity of the image 
over a range of defocus (not the amplitudes 
since electrons of different energies will not 
interfere coherently (13)). 

In practice it is possible to perform one 
multislice calculation for a thick crystal and to 
punch out the amplitudes and the phases of the 
diffracted beams at selected intermediate 
thicknesses. These can be input to DEFECT 
and images calculated without the need for 
repeating the multislice calculations. 

The final image is then displayed either on a 
line printer with overprinting or on a graphics 
terminal. The output of the program includes 
an overprinted image of the projected poten- 
tial, an alphanumeric phase map (showing 

ali> 
x4x 

x+x 

x+x 
a 000 

x+x x+x x+x x+x 
iota 

x+x x x+x x+x 

x+ * +a x+x 

If3 

CiL 
x+ x+x x+x + x- 

b 
FIG. 1. Projections of the ideal atom positions of Pr,O,, down: (a) The I 111 I,. axis where the line intersections, 

filled triangles, and empty triangles represent columns of metal and nonmetal sites at relative intervals of rtr j I I 1 I, to 
each other. The columns of nonmetal vacancies and six-coordinated metal atoms are indicated by filled circles. (b) The 
12 11 If axis where metal atom sites are marked with a plus sign, the nonmetal sites are marked by a multiplication sign, 
nonmetal vacancies are marked with a square, and filled circles again indicate columns of six-coordinated metal 
atoms. MO, cubes are also outlined to facilitate interpretation. 
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FIG. 2. Calculated n-beam crystal structure images for the (lOO), zone of Pr,O ,2’ Calculations were made with 
atomic scattering factors (6 x 6 unit cells). 
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areas of maximum phase change), a con- 
volution test, a normalization parameter, inte- 
grated intensities, and the calculated images at 
different values of defocus. Plots of ampli- 
tudes and phases of diffracted beams versus 
crystal thickness can also be obtained. 

Observations and Correlations 
Calculated Images 
1. (2ii),= (lOO),Images 

a. Iota (Pr,OJ The difference in potential 
distribution of this phase and that of the parent 
fluorite structure arises because of the pres- 
ence of anion vacancies (V) and the attendant 
dilation of the cations of the VM, coordination 
tetrahedra. These two effects result in a sig- 
nificant (though not major) decrease in electro- 
static potential in the vicinity of an anion 
vacancy. If, therefore, a crystal structure 
image reproduces the variations of potential 
across a unit cell, one could hope to see 
evidence of these “vacancies.” Figure 1 shows 
projections of the ideal atom positions of 
Pr,O,, when viewed down the (11 l)F and 
(2 1 i), axes (8). An MO, coordination cube is 
also outlined in each case to facilitate in- 
terpretation of the geometry. 

A series of n-beam crystal structure images 
are shown in Fig. 2; variation of the images 
with defect of focus is shown across the top 
and variation with thickness down the side. 
The conditions used to calculate these images 
were: number of beams = 300; aperture radius 
= 0.263 A-1; spherical aberration constant = 
1.8 mm; depth of focus = 250 A. The origin is 
situated at the top left-hand corner of the 
figure with two of the axes (a = b = c) along 
the edges of the figure. A six-coordinate cation 
is located at the origin. 

A number of comments should be made 
about these calculated images. There are two 
general types of recurrent images-one with 
an array of spots which is similar to the 
arrangement of vacancies (two spots per unit 
cell), the other in which the arrangement of 
spots is similar to the arrangement of six- 
coordinated cations (one spot per unit cell). 

The “vacancy” image type is calculated only 
for thinner crystals of 100 A or less, as may be 
seen in Fig. 2. In these cases the spot 
arrangement corresponds directly to that of 
the vacancies (i.e., with the projected poten- 
tial). 

The second type of image calculated has 
one spot per unit cell located at the origin 
provided the underfocus is close to 900 A and 
occurs for thicknesses of 162-216 A. These 
spots represent the six-coordinated cation 
array although there is no obvious correlation 
between the projected potential and this image 
type. Since these images are observed in 
thicker crystals they cannot be regarded as 
crystal structure images in the conventional 
sense because they do not represent the 
projected potential. Nevertheless, the observed 
images can be directly correlated with some of 
the calculated images even though a direct 
correlation of white spots with structural 
features, as has been done with the block 
structures, would not be justified. 

In Fig. 3 the intensities and phases of three 
beams are plotted-one the direct beam, 
another a subcell reflection, and the third a 
supercell reflection. The figure shows that the 
intensity of the diffracted beams is essentially 
out of phase with the direct beam, which is to 
be expected, but that the phases are uncorre- 
lated. It seems that a true vacancy image could 
only be expected with crystal thicknesses up to 
that of the first extinction-a situation that 
was probably rarely achieved experimentally. 

b. Zr,Sc,O,,. This phase is isostructural 
with Pr,O,, and hence any differences in the 
respective images would be due largely to the 
different form factors of the cations. The 
images depicted in Fig. 4 were calculated using 
atomic scattering factors. The Zr and SC are 
random on metal positions in the structure 
determined by Thornber et al. (24). As in the 
case of Pr,O,, calculated thin crystal images 
correlate well with the projected potential (e.g., 
24-48-A thickness, 900-l 100-A underfocus) 
showing two spots per unit cell corresponding 
to the vacancies. There are also two spots per 
unit cell with an origin shift in the thicker 
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FIG. 3. Plots of (a) intensities and (b) absolute phases of a number of beams in a (lOO), zone of Pr,O,, as a 
function of crystal thickness. The direct beam is 000, 010 is a subcell reflection, and 012 is a supercell reflection (1 
slice = 6.75 A). 
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underfocus (A) 

600 800 900 1000 1100 

FIG. 4. Calculated n-beam (loo), crystal structure images for the (lOO), zone of Zr,Sc,O,,. Calculations wert 
made with atomic scattering factors (2 x 2 unit ceils). 
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FIG. 5. Plots of (a) intensities and (b) absolute phases of a number of beams in a (loo), zone of Zr,Sc,O,, as a 
function of crystal thickness. The direct beam is 000, 010 is a subcell reflection, and 012 is a supercell reflection (1 
slice = 6.144 A). 
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images (e.g., 120-l 68-A thicknesses, 900- 
1100-A underfocus). It can be seen that the 
main features in Fig. 4 are qualitatively similar 
to those of Fig. 2 for Pr,O,,. 

Figure 5 shows plots of intensities and 
phases of three beams-one the direct beam, 
another a subcell reflection, and the third a 
supercell reflection. The results resemble those 
of Pr,O,,, however, the extinction thickness 
for Zr,Sc,O,,, which results from the low 
scattering factor of scandium, is greater. One 
consequence of the increased extinction thick- 
ness is the extended region over which any 
image type is identifiable. 

The calculated crystal structure images for 
Zr,Sc,O 12 also show how the “vacancy” 
image fades out as an equivalent array, 
with an origin shift of b/2, appears. This 
phenomenon can be interpreted as a contrast 
reversal (a phase change of z) for the stronger 
reflections, as in the Fourier images for simple 
structures (7). It is likely that the scattering 
factors should be modified to reflect some 
ionic character but techniques to do this 
properly have not been found (15). Such a 
consideration might account for the appear- 
ance of the reversal in the calculated images in 
Zr,Sc,O,, but not in Pr,O,,. 

Underfocus (A) 

38 

86 

259 

FIG. 6. Calculated (11 l), crystal structure images of Pr,O,, showing variation with crystal thickness and defect of 
focus (6 x 6 unit cells). 
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2. (11 l), Images of Pr,O,, 

These calculated images (Fig. 6) usually 
show one spot per unit cell. However, as in a 
(loo), zone of Zr,Sc,O,, there are two arrays 
of spots, depending on thickness of specimen, 
both of which correlate with the iota phase 
structure. The first image type has spots 
located over the columns of six-coordinated 
cations and anion vacancies, the second has an 
identical array but shifted by b/2 + cl2 to the 
center of the projected unit cell. In any experi- 
mental image it would not be possible to 
determine which array was being observed. 
However, in most cases this would not affect 
the intuitive interpretation of an image. 

3. Calculated and Observed Images of Other 
Structures 

Figure 7 compares images previously obser- 
ved and published by Iijima and those cal- 
culated by the methods described here. These 

structures cover a variety of space groups and 
demonstrate the versatility of the FCOEFF- 
DEFECT combination. 

4. Observed Crystal Structure Images 

a. (loo), images of M,O,, phases. All 
observed images of Pr,0r2 at FZWO-A under- 
focus exhibit only one spot per unit cell so that 
in no case was a crystal thin enough for 
observation of anion vacancies. Since this 
phase is highly isotropic and since its cleavage 
is conchoidal it is quite likely that edges were 
never thinner than 100 A. Most images show 
only circular spots although a few thicker 
specimens showed either elliptical spots or 
streaking. Images showing these features are 
presented in Figs. 8a and b; Fig. 8c is an image 
of Zr,Sc,O,, which shows two spots per unit 
cell toward the edge and compares quite 
favorably with the calculated images (144- 
168 A thick with -900 to - 1000 A defocus). 

Underfocus (Al 

Ti,Nb 0 lo 29 

TiNb,,O,, 

H-Nb>O, 

FIG. 7. Computed and experimental crystal structure images of some ReO,-based superstructures. The 
experimental images were generally made for crystals about 50 A thick using 100 beams. 
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FIG. 8. Observed (loo), images of Pr,O,, and Zr,Sc,O,,: (a) a typical image of Pr,O,,; (b) a thick-crystal image 
of Pr,O,,; and (c) a thin-crystal image of Zr,Sc,O,, showing the vacancy arrangement. 

b. (ill), = (ill), images. These images a region of C-type sesquioxide in between. The 
(Fig. 9a) are quite comparable to those [ 1111 zone axis lies in common for all phases 
calculated. There seems to be no reason why and the image could be favorably compared to 
the white spots should not be directly in- the calculated images of the 11111 zone. 
terpreted in terms of columns of six 
coordinated cations and anion vacancies, even 
though the actual columns may be shifted by Conclusions 

b/2 + c/2 from the white spots. In Fig. 9b two Comparison of observed and calculated 
twin orientations of Zr3Sc,,0,2 are shown with images of Pr,O,, and Zr$c,O,, has shown 

FIG. 9. Observed (11 l), images of Pr,O,, and Zr,Sc,O,,: (a) a typical image; (b) two twin orientations of 

Zr,Sc,O,, separated by a region of C type. 
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that the technique of crystal structure imaging 
may be successfully applied to fluorite oxides 
provided certain limitations are appreciated. 
Under the experimental conditions used in this 
study there appears to be no direct correlation 
between projected potential and the images, 
either observed or calculated. However, in the 
thick crystal images there is a close relation- 
ship between structure and image and there 
are no known cases of conflict between the 
observed and calculated images. It seems 
possible, therefore, to utilize the observed 
images to derive possible models for phases of 
unknown structure and to select the correct 
one by comparing observed and calculated 
crystal structure images. 

Using atomic scattering factors and assum- 
ing thin crystals, images are calculated which 
reflect the projected potential and spots in the 
image correlate with the positions of oxygen 
vacancies unless shifted by a half unit cell. The 
crystals prepared for this study are too thick to 
confirm unambiguously agreement between 
images calculated and observed for thin 
crystals. 
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